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Outline

e Starting point, one example to show the whole
idea

e Some Background of Physics

— Quantum Mechanics
— Statistical Mechanics

e Classical Game T heory

e New Representation of Classical and Quantum
CEING

e Only equivalent description, something new?
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Prisoner’s Dilemma as an
example

e (—2,—-2),(—5,0),(0,—5),(—4,—4), four pairs of
number for pure-strategy combinations (Deny,
Confess)

e \Weighted average for mixture-strategy combi-
nation

L — (=2) plpZ + (=5) pip? + (0) plp2 + (—4) pLp?

e Turns into a matrix form Gi(tensor form for
N-player game)

o bt] [ 73]



Prisoner’s Dilemma as an
example, continued

e Turns into a density matrix form p* and H*((1, 1)-
tensor for any-player game)

( ) . 2 0 0 0'\
. py 0 p3 0 0 —50 0
E_TTIOPi]@)[Opi 0 0 0 O
\ 0 0 0 —4 )
([pp2 0 0o o0 |[—-2 0 0 o01)
- 0 ppZ 0 O 0 —50 0
— 4T 1,2 0 0 0 0
0 0 pp; O
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Quantum Mechanics

e State in Hilbert space |¢) € 'H, and base vec-
tors |u)

0) =) dulm)- (1)
L

e Operators and physical quantities A |3 _, %

[¥) = Alg) and (A) = (¢]| A|9). (2)

e Density matrix form for state

P =10 (Pl = 2y Pudulm) (VI

but more general ©)
P =2 Puv|p) (v
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Quantum Mechanics,
continued

e Dirac notation for operators (¢)| € H* |, SO
|®) (1] is @ mapping from H to H.

e Then any operator on ‘H can be expanded as

A:ZA/,LV|H> (v|. (4)
[V

In such sense, we denote both state space p
and operator space A as 'H

e Reduced density matrix
plo = Tr_; (ps) . (if indepedent)p® = 1] ph
i

(5)



Quantum Mechanics,
continued

e In one word, Quantum Mechanics is a system

— State (p) and Liouville Equation (or Schrodinger
Equation),

p(t) = UpoUT, (6)

in which U = exp(—iHt), H is the Hamilto-
nian, a hermitian operator.

— Physical quantities (A) and their values

(A) =Tr (Ap). (7)
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Statistical Mechanics

e Dynamical problem VS Thermal Dynamical prob-
lem

p; H, the Hamiltonian p¢
po heat bath, fluctuation peq

e Equilibrium distribution, ensemble theory, Canon-
ical Ensemble

Peq = %e_ﬁﬂ and Z =1Tr (e_BH) (8)



Statistical Mechanics,
continued

e Master equation and other pseudo-dynamical
equations (for classical system)

@) =Y Wy — ) pW)-Y W (z — y)p(a).
Yy Yy

dt
(9)



Statistical Mechanics,
continued

e Master equation and other pseudo-dynamical
equations (for classical system)

%p(a},t) :ZW(yem)p(y)—ZW(wﬁy)P(w)-
Y Yy
©)

e For a quantum system, in a set of eigenvectors
of H, we have

1 1
peq = e P =3 —e PP ) ). (10)
v}
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Classical Game Theory

e Solution of a game

e Nash Equilibrium and Nash Theorem

Ei(ﬁ .., Pt

eq’’ eq’’

—»N c —_ o —
.« ’Peq) Z E? (Peq’“. ’P’L’... ’Peq)

(11)

e Evolutionary Game and its relation with static
game

(I—’;l, coe I_’;N) Evolution (I_’}, coe 13]{\7)
& (P, PY)



Classical Game T heory,
continued

e Cooperative Game and its relation with static
game

K . K . N .
N=JN,p"=]]/#]]r @13
j=1 j=1 i=1



Classical Game T heory,
continued

e Cooperative Game and its relation with static
game

. K . N .
N=|JN,p°=T]p #[]~F (13)
j=1 i—1

e Questions: Calculation of NE, Unstable NE as
a solution, Refinement of NEs
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Comparison between
Game T heory and Physics

e Comparison with Quantum Mechanics

— Hamiltonian
— State, Density Matrix

— Dynamical Equation

e Comparison with Statistical Mechanics

— Ensemble, Distribution, T hermal Equilibrium
— Pseudo-dynamical Equation
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The New Representation
of Classical Game

e Traditional Classical Game

e — (ﬁ RS, {G"}) , (14)

1=1

e T he new form

N
[onew — (H RS;, {H’}) . (15)

1=1

e The relations, and question about non-zero
off-diagonal elements of H*

I1; ﬁz ; pS

. . . (16)
G'" — H'=) (oGl

SY S




The New Representation,
continued

e Reduced Payoff Matrix
H% — Tr_, (pl cowpi—lpitl “pNHz')

E' = Tr? (piHi ) (17)
R



The New Representation,
continued

e Reduced Payoff Matrix

H% — Tr_, (pl cowpi—lpitl “pNHz')

i i ( iyt (17)
E® = Tr (p HR)
e Pseudo-dynamical Equation
i BHR(t)
p(t+1) = (18)

I (eﬁﬂﬁ(t) )
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The New Representation,
Application

e Prisoner’s Dilemma

e Hawk-Dove Game
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e Manipulative Definition
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The New Representation
of Quantum Game

e Manipulative Definition

%0 = (Pg € HY, [[;L, ®H, L, {PZD

E: :Tr(PiLj(...,fj’i,...)pgﬁT(...,fj’i,...))

e Natural base strategies of operator space
e Abstract Form
re = (1Y, est (')

(20)
E' = Tr (pSHi)



The New Representation,
continued

e Quantum Nash Equilibrium

— General NE in system state space
E* (p2,) > B (1" (p2,) - ') s V', Vi (21)
— NE in direct-product strategy space
E’ (péqﬁ... 7p?éq7... 9pé\;) 2 E’ (péqa'” ,pz,.” 9pé\(;)
(22)
— Strong dominant state

E" (p;gq) > E (pS ) ,Vp©. (23)



The New Representation,
continued

e Quantum Nash Equilibrium

— General NE in system state space
E* (p2,) > B (1" (p2,) - ') s V', Vi (21)
— NE in direct-product strategy space

E’ (péqﬁ... 7p?éq7... 9pé\;) 2 E’ (péqa'” ,pz,.” 9pé\(;)
(22)
— Strong dominant state

E" (p;gq) > E (pS ) ,Vp©. (23)

e Non-direct-product NE means Cooperative??



s 48 8 B -l AR Ny

Appllcatlon I — QPF
Game

e Manipulative Definition
— Base vectors of state space: |1) = (1,0)1,|—1) =
(0,1)"
— Initial state of the quantum object: pl =
1) (1
— Strategies of quantum players: I,0y,0y,0;
and their combination

— Payoff scale: player 1 win 1 when |1) lose 1
when |—1), inverse for player 2.

— So

E'=Tr ([(1) _01] U2U! [(1) 8] (UzUl)T> = _E?



Quantum Game, _
Application I — continued

e Payoff Matrix with non-zero off-diagonal ele-
ments, for example, (I,I |H'|o,,I) = 1, while

classically no such situation that looking on the
left side, both players choose I, but according
to right side, not.



Quantum Game, _
Application I — continued

e Payoff Matrix with non-zero off-diagonal ele-
ments, for example, (I,I |H'|o,,I) = 1, while

classically no such situation that looking on the
left side, both players choose I, but according
to right side, not.

[ 1 0 1 0 0 1 0 7 1 0 1 0 0O —t O
O —1 O t —1 0 1 0 0O -1 O ) ) 0 —2
1 0 1 0 0 1 0 ) 1 0 1 0 0O — O
O —2 0 —1 — 0 7 0 O —2 0 -1 —1 0 1
O —1 O t —1 O 1 0 0O —1 O 7 ) 0 —2
1 0 1 0 0 1 0 ) 1 0 1 0 0 —
0 1 0O — 1 O —1 0 0 1 O —2 —2 O ?
—1 0 —2 O 0O — O 1 —2 0 — 0 0O —1 0
1 0 1 0 0 1 0 ) 1 0 1 0 O — O
O —1 O t —1 0 1 0 0O —1 O ? ) 0 —z
1 0 1 0 0 1 0 7 1 0 1 0 O — O
O —2 0 -1 —2 O ) 0) O —2 0 -1 —-1 0 1
O —2 0 —-1 —2 O ) 0 O — 0 -1 —-1 0 1
() 0 ) 0 0 ? 0 —1 = 0 1 0 0 1 0
0 ) 0 1 ) 0O — O 0 ) 0 1 1 (I |

1 0 1 0 0 1 0 ) 1 0 1 0 0O — O

s|c>|—\c:c>|ac>|—x

OSSO0 KO~




Application II — Quantum
Battle of Sexes

e An Artificial Game and its classical limit (e; >
€2)
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Application II — Quantum
Battle of Sexes

e An Artificial Game and its classical limit (e; >

€2)

_61 0O O 61_
1 | O €2 €2 O | .2
8" = O e2 e2 O = &%

eqg 0 0 ¢

0O e« 0 O _ f2c

e Strong Dominant State, an entangled strategy
state

p3r = (IBB) + |SS)) ((BB| + (SS|) # p' ® p?
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S VIITVIUVDIVI IO

Discussions: Somethmg
new?

e At least, an equivalent description of classical
game

e At least, a general form of quantum game,
a truly quantum game, not in the scope of
traditional G*

e Unified framework for both classical and quan-
tum game, so easier to transfer ideas between
them

e Possible way leading to Evolutionary Game and
Cooperative Game
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Any Future?

e Quantum Nash Equilibrium Proposition, but,
without a general proof (hopefully in near fu-
ture)

e Better Dynamical Equations for classical game
and one applicable equation for quantum game
(still open problem in Physics)

e Application onto more specific games (which
one?)

e Application onto some tough theoretical prob-
lems (where?)
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