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Abstract. Non-equilibrium stationary states are solved from the equation
of motion of open systems via a Bogoliubov—Born—-Green—Kirkwood-Yvon
(BBGKY)-like hierarchy. As an example, we demonstrate this approach for
the Redfield equation, which is derived from the whole dynamic equation
of motion of a central system coupled to two baths through the projector
technique. Generalization to other equations of motion is straightforward. For
non-interacting central systems, the first equation out of the hierarchy is closed,
whereas for interacting systems it is coupled to higher-order equations in the
hierarchy. In the case of interacting systems, two systematic approximations,
in the form of perturbation theories, are proposed to truncate and solve the
hierarchy. A non-equilibrium Wick’s theorem is proved to provide a basis for
the perturbation theories. As a test of reliability of the proposed methods, we
apply them to small systems, where it is also possible to apply other exact direct
methods. Consistent results were found.
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1. Introduction

A dynamic equation, such as Newton’s equation or Schrodinger’s equation, describes only
dynamical processes and, strictly speaking, does not describe evolution towards thermal
equilibrium or non-equilibrium stationary states (NESSs). Sometimes, however, it is used to
do so together with a presumed thermal equilibrium distribution, such as in the derivation
of the Kubo formula of linear response theory [1]. Starting from the dynamic equation
and its corresponding Bogoliubov—Born—-Green—Kirkwood-Yvon (BBGKY) hierarchy [2],
the uniqueness of a stationary solution at thermal equilibrium, in particular the Boltzmann
distribution, remains an assumption but not a proved theorem [2]. The Redfield equation [3],
on the other hand, puts the description of dynamical evolution, thermal evolution towards the
equilibrium state and evolution towards NESSs under a common framework, although it may
show an unphysical transient process due to the use of the Markov approximation.

The Redfield equation has long been a standard tool in the study of relaxation processes in
the theory of nuclear magnetic resonance [4], optical spectroscopy and chemical dynamical
systems [5]. Due to the fact that usually in those studies the central system of interest is
modeled by a Hamiltonian with a very low dimension, the lack of an efficient algorithm to
solve the Redfield equation, other than direct diagonalization, direct integration and other direct
methods based on various propagators [6], is not a serious problem. However, when the Redfield
equation is applied to transport calculations, the size of the system is usually much larger. It is
then necessary to have a more efficient way to find the NESSs, without which many physical
questions remain unanswered.

A famous example is the validity of the phenomenological law of transport. Advancement
in science and technology has made it possible to build nanoscale electronic devices [7], where
classical phenomenological laws of transport, such as Fourier’s law and Ohm’s law, may not be
valid any more [7]. In order to construct a theory of transport for mesoscopic or microscopic
systems, and also to check under what circumstances those phenomenological laws hold, one
may start from first principles, i.e. the dynamic equation of classical or quantum systems, and
add in as few extra assumptions as possible. The Landauer formula [8] makes use of scattering
waves from Schrodinger’s equation, but a biased distribution of those waves is assumed to
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calculate physical quantities. The non-equilibrium Green’s function (NEGF) method starts from
two decoupled systems each at their own thermal equilibrium states, which could be very far
from the expected NESSs, and treats coupling between the two systems perturbatively [9]. For
interacting systems, usually NEGF is used together with the density functional method [10],
from which the whole spectrum and corresponding effective wavefunctions are calculated
to construct the non-equilibrium density matrix. Both the perturbation and the effective
wavefunctions introduce further approximations to the calculation.

The Redfield equation approach to studying transport phenomena is to explicitly couple
the system of interest, Hg, to reservoirs and then use the projector technique [11] to derive
an effective equation of motion for the system. One then solves this Redfield equation to
get NESSs. The Redfield equation requires validity of the Markovian approximation and
treats the coupling between the system and reservoirs within second-order perturbation. This
generalization of the Redfield equation to transport studies was first implemented by Saito
et al [12] and more or less followed by others [13]-[15]. In such cases, one quite often expects
to deal with systems with size N & 100 in order to be comparable to other methods, such as the
Landauer formula and NEGF [7]. This then leads to a Hilbert space with dimension 2!%°, when
we, for example, consider an N-site chain of spinless fermions with N = 100, meaning a matrix
with dimension 4!% in the corresponding Redfield equation. Due to this exponential increase
of the problem size and the lack of a more efficient alternative method, currently one can only
discuss physical behaviors of very small systems with N & 10 [13, 14]. Other propagator-based
direct methods [6] make it possible to analyze only slightly larger systems. Conclusions drawn
from numerical results for such small systems are not regarded as reliable enough. In this work,
we will present a new approach, using the idea of a BBGKY hierarchy to study this kinetic
equation. This allows us to develop very efficient and systematic approximate methods to find
NESSs. In fact, besides these direct methods, the stochastic wave function method [16] has been
generalized and used to solve the Redfield equation [17]. Such stochastic methods are capable
of dealing with slightly larger systems, say N of around 20. It will be an interesting topic of
future work to compare the performance of our method against the stochastic methods.

A general Redfield equation can be cast into the following form [13],

% = Lygp(t)+ Ly, p(1) + A Ly(T, ) p(t) + A Lp(AT, Ap)p(t) = Lp(t), (1)
where Ly p = —i[Hg, p] 1s the Hamiltonian of the central system. Sometimes we also use
Hs = Hy+V to separate Hg into a non-interacting part H, and an interaction V. Finally,
Ly, p = —i[Vy,, p], where Vj, is a possible induced potential; for example, the electric potential
due to charge distribution in the case of charge transport. Lg(7, n) comes from coupling to
baths with coupling strength A, and Lp(AT, §u) exists when baths have different temperatures
and/or chemical potentials. This equation describes a dynamical process when A = 0, thermal
relaxation towards equilibrium when A # 0, AT =0, Au =0 and evolution towards NESSs
when they are all non-zero.
If we are interested in the long-time steady-state solution p., then

Lps =0, (2)

which is sometimes called a stationary Redfield equation. Here, L is a matrix with dimension d?,
where d is the dimension of the system’s Hilbert space; for example, d = 2" for the N-site chain
of spinless fermions mentioned above. Solving this equation is very costly computationally.
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It involves solving a linear system [13] or an eigenvalue system [15] with dimension 4" plus
an eigenvalue system with dimension 2. Currently, for interacting central systems, one can
usually only solve the Redfield equation numerically up to N =10 [13]-[15], whereas for
non-interacting systems, the equation with Nequal to about 100 can be solved in terms of
single-particle Green’s functions (GFs) [12]. For example, for non-interacting systems, in [12],
a closed equation of single-particle GFs, G, (k', k') = (chk/) = tr(chk/ 0Poo), Was derived from
the stationary Redfield equation (2) and solved.

Our idea is basically to extend this GF-based solution of the Redfield equation for
non-interacting systems to interacting systems. We consider G,(m", m’), GFs in the lattice
basis, and derive an equation for these GFs. In the presence of interaction, the single-
particle GFs G(m", m’), generally denoted as G;, will be coupled to the two-particle GFs
Gy(m',n',m',n’) = (c] c/cpcy), also generally denoted as G,, which are then coupled to
three-particle GFs, G3(It, m", nt, I, m’, n') = (¢/c! clcpcen), also generally denoted as G
and so on. We arrive at a BBGKY-like equation hierarchy [2].

In principle, solving the whole hierarchy is as hard as solving the Redfield equation
directly. The hierarchy has to be truncated first and then solved. In the rest of this paper, after
deriving the hierarchy from the Redfield equation, we will then present two such methods. In the
example calculations, we will only truncate the hierarchy at the first equation of the hierarchy.
The first method substitutes the value of G, at equilibrium for the unknown G, appearing in the
first equation, whereas the second expresses G, as combinations of G via cluster expansion.
After either method, the equation is closed and then solved. We will see in the following that
both methods are significantly more efficient than the direct methods. The first is capable of
dealing with relatively small systems but with large interaction strength, whereas the second
can deal with much larger systems but with relatively small interaction strength.

2. Derivation of a Bogoliubov—-Born—Green—Kirkwood-Yvon (BBGKY)-like hierarchy

For concreteness in presenting our general formulation, let us start with a Redfield equation
describing an N-site chain of spinless fermions coupled with two fermionic baths. Our system
of interest is defined by Hg,

N-1 N-1

i T T i
Hq = —t E (¢ cre1 ¢ c)+ Vo E CloiC141€, ¢ = Hy+ V. 3)
=1 =1

The two heat baths are collections of fermionic modes,
Hp =) _ ocab) ybia: )
k,o

where o =L, R indexes the left- and right-side baths and we set # =1, kg = 1, the lattice
constant a = 1 and the hopping constant ¢ = 1. The system—baths coupling is chosen as

V=1 VEACclbia+caby ). (5)
k,a

where the left (right) bath is coupled to the first (last) site: ¢, =c¢; and cg = cy and so on.
Bath parameters, including temperature and chemical potential, are chosen to be (71, ;) and
(Tr, n) with Ty g =T * %. In the present work, the induced Ly, term in equation (1) is
neglected.
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The corresponding Redfield equation reads [11, 13]

dp(1)

5 = —ilHs, o1 =27 Y {le], ihap(O)]+[ca, map(®)] +h.c.}, 6)

a=L,R

where 771, (771g) is related to ¢ (cy) and my (mg) is related to cI(cj\,) [11],

My = Z |Vka|2/(; dfca(_f)e_iwk'“r(l —n(Wra)), (7a)

k
me =Y |V /O drcl (—1)e“ " (n(wi o)) (7b)
k

Here, n(wy.) = (efe@ea=ta) 4 1)~1 i the Fermi-Dirac distribution with the bath temperature
T, = 1/B, and chemical potential /o. If U (1) = e s is known, then sois ¢, (1) = U (t)c, U (t)
and therefore the operators 7. This requires a full diagonalization of Hs. Using eigenvectors of
Hs, one can perform the above integrals to get the operator ms. More details are included in
appendix A. There we will also see that a change of variable between summation over k£ and
integration over energy in equation (7) involves the density of states of the baths D, (w). We
combine this density of states together with the coupling constant Vi, and set Dy (€2,,,) |V |2
as an overall constant, which is included in A? (see appendix A for more details).

When only a long-time steady-state solution p, is of interest, we may derive a stationary
form, equation (2), from the kinetic Redfield equation. Furthermore, from equation (2), for a
physical quantity of the central system with operator A, we generally have

0=i([A, Hol) +i{[A, V] + 2> D (A, ] ina) + ([A. coling) — (RI[A, cal) — Gy [A, ¢ 1)),

®)

where ﬁ’ll(l%l) is the Hermitian conjugate of 772, (/m,). All equations of GFs in the rest of this
paper will be derived from this equation. For example, the first and second equation of the
hierarchy can be derived by using A = ¢ ¢, and A = ¢/ ¢! c,vc, in equation (8),

0=it <cjn_1c,,> +it <CZ1+IC,1> — it (c;c,m) —it (c;cn_1> (9a)

. 1 . ¥ . + . +
—1Vy <cfncnflc,,cn_1> +1Vj <c,'n+lc;cm+1cn> —1Vy <cn+1c;cn+1cn> +1Vj <CZ,Cm,1CnCm—1> 9b)

2 2 2 + oA ~
—A Z <8macnma + 8,mmacil — 8peCp Mg — 8mamlcn> (9¢)

o

and

0=1it (chZcm/c,,/H) +it (cjnc,icm/cn/_l) +it (cjnchm/Hc,,/) +it (cfncflcmf_lcn/>

o s T N SR N N R N
—1f <cmcn_1cm/cn1> —1t <cmcn+lcm1cn/> —1f <cm_1cncm/cn/> —1f <cm+1cncm/c,,/>

+iV0 (CLCZCm’Cn’> (8m/+l,n’ + Sm’—l,n’ - 8m+l,n - 3m—1,n) (1061)
—iVp Z (c;cjnc,:clcm/cn/> +iVj Z <c;cfnc2clcm/cn/> (10b)
I=m=+1,n+l J=m'+1,n'£1
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—A? E <8m/ac;c;cn/n7ta — (Sn/ac;c;cm/n%a + 8,,1aclcm/cn/n_1a — 5nac;cm/cn/n_1a>
o

AT 2t 4y ~ N
—A? E <8n1amachlcmr — Spra Cl Cl ey + Sl Cl CoprCr — 3mamlclcm/cn/>.

o

(10c)

Note that since the set of all polynomials of {c;, c,T} form a complete basis of the operator
space, operators m are certain functions of polynomials of {c;, clT}. Therefore, as expected, G,
is coupled to G, from equation (9b), and possibly also G3 or higher GFs from equation (9c¢),
and G, is coupled to G; from equation (10b), and possibly also G, or higher GFs from
equation (10c). Solving such an equation hierarchy is not easier than directly solving the
Redfield equation, unless V, = 0, so that the above equation of G, is closed and is not coupled
to Gz.

We may, however, solve these equations by truncating the hierarchy at a certain order
with some further approximations, such as the molecular-chaos assumption in the classical
Boltzmann equation [11], or replacing high-order GFs by cluster expansion of lower-order
ones [18, 19]. In this work, we suggest the following two approximate methods: (i) substitution
of certain high-order GFs by their values at equilibrium; and (ii) expression of high-order GFs as
combinations of lower-order ones plus a correlation part via cluster expansion and then ignoring
the correlation part at a certain order. Specifically in the following example calculation, the
first-order form of both approximations (i.e. only the first equation of the hierarchy) is used
and substitution or cluster expansion is performed on G,. One can do such a substitution or
cluster expansion of GFs at further-order GFs and make use of further equations in the hierarchy.
A general discussion of the accuracy of such substitutions at different orders will be presented
elsewhere. In this work, we focus on the potential of this BBGKY-like formulation and discuss
briefly the topic of performance of the two approximations in their first-order forms.

3. Solving the hierarchy

In order to solve equation (9) explicitly, we will first have to find explicit forms of operators m in
terms of operator {c;, c;'}. In the following, we will present one exact numerical calculation and
one perturbative calculation of those operators. Correspondingly, based on these two methods
of finding operators ., we will discuss in this section two ways of making equation (9) a closed
equation by dealing with G, terms in the equation differently.

We will first discuss a more accurate method, even for a large Vj, but computationally
costly: perturbation based on two-particle GFs at equilibrium. Next we will discuss a relatively
less accurate but computationally much cheaper method, the non-equilibrium cluster expansion.
The latter works only for relatively small Vj,, but it can be applied to much larger systems. The
unknown G, (m", n) solved from both methods will be compared against G}fx (m', n), the exact
solution of equation (2). A measure of the relative distance between two matrices A and B,

\/Zij |Aij - Bij|2

\/ Zij |Bij|2

is used to describe the accuracy of our approximations.

dy

(1)

New Journal of Physics 12 (2010) 083042 (http://www.njp.org/)


http://www.njp.org/

7 I0P Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT
3.1. Method 1: starting from equilibrium states

As explicitly worked out in equation (A.2) in appendix A, operators m can be written in
eigenmodes of Hg, which can be solved from an exact diagonalization of Hs, a 2" -dimension
eigenvalue problem. Then in the language of super-operator space [15], where operators are
treated like vectors (so-called super-vectors), super-vectors 7 can be expanded on the basis of
polynomials of {c;, c;'},

g =Y duc;+ VoD, (124)
l

My =Y dc| +VoDy. (12b)
l

Here we keep only the linear polynomial in the present work, although further expansion is
possible. Using the definition of the inner product between super-vectors ((A|B)) = tr(A'B),
we have

da‘l

do = mtr(clrha)’ (13b)

and operators V,D and VD are just the remaining part of operators 7 and m, respectively.
Here, 2¥~! is a normalization constant to make d,,; = 1 when 7, = ¢;.
With the above expressions for operators 7, equation (9) becomes

0= it(cjn_lcn) +it(cjn+1c,,) — it(chnH) — it(cjncn_l)

A7 (Sua (ot +d )b €1+ S (o + i )] 1) (14a)
la
_)‘2 Z[8macza;n +8najz;m] (14b)

o

. + . + . + . +
—iVp <cjncn_1 cncn_1> +iVj <cm+1 cjncmﬂcn) —iVp <cn+1cjncn+1c,,> +iVj <chm_1cncm_1> (14¢)

o-m

—1Vo Y (8maCu Do+ 84a DY, = 81aCh Dot — S D). (14d)

Note that every c, cg, cy+1 and cj\, .1 that appears in the equation should be recognized as 0.
First, let us replace all G,s in equation (14c¢) by their values at equilibrium, denoted here
as Gf © Where the superscripts indicate the usage of thermal equilibrium (denoted by
superscript E) as the zeroth-order approximation (denoted by (0)) of the non-equilibrium G,.
Using the first term as an example,

Gy V(m", n) = tr (¢} e} cucuipeq (Hs)), ()

n

where pqq(Hs) = %e_HS/ T This requires eigenstates of Hs. Similarly, one can define GIE)’ © from
equation (14d), using the first term as an example,

Gg’(O)(mT, n) = 8matr(an_0t103q(HS))' (1o
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Next, let us calculate Gf’(l) from equation (14), where the superscript (1) means that the
approximate calculation takes care of the first equation of the hierarchy, equation (14). We
organize all Gf’(l)(mf, n) as a vector,

g0 =16, 1), G,(17,2), -+, Gy (N, M]", (17)

then equation (14) for given values of m, n is the equation occupying the (mN +n)th row
and totally there are N2 such equations. After substituting GQE @ and Gf}“” for the exact but
unknown G, and G p, the whole set of equation (14) for all m, n then becomes a linear system
with dimension N2,

rOgr W =ivygy @ +2% + 17 Vog . (18)

where the vector v comes from ordering equation (14b) in the same way as gf ‘D The same
holds for gf © and gf;“’) correspondingly from ordering equations (14¢) and (14d), and from
equation (14a) one gets the matrix 'V, For example, assuming m and n are not at boundaries,

one may write from equation (14)

7 Tk
VinN+n = Z[smad(x;n +6nada;m]’ (1961)
o
e = it (19b)
(mN+n),((m—1)N+n) — ~°*
Next, we calculate single-particle equilibrium GFs, Gf’(o) , and organize it in the same way

into a vector denoted as gf ‘© In order to set a reference of the accuracy, we compare
d® O the difference between the exact solution g™ and the zeroth order gf O “and dEO,

the difference between the exact solution g]f" and the first order solution above, glE’(l). Here,
G¥(m', n) = tr(chn Poo)s Where p 1s the exact solution from equation (2).

3.1.1. Results. Firstly, we set V, = 0.2 as a constant, and check the accuracy of gf’(l) with
different values of AT. From figure 1(a), we can see that the worst case is about d"V = 1%.
Secondly, we set AT =0.4T as a constant, and check the accuracy of gf ‘D with different
values of Vj. The worst case is d'V = 0.3%, as shown in figure 1(b). Overall, d%-(V is always
much smaller than d5-© . JE© JE.() and JE* are calculated, respectively, from gf O gf D
and gF*. From figure 1(c) and (d) we see that in both cases, J£() is very close to the exact,
JEX, while JE @ the current in the equilibrium state, is always zero. Very high accuracy is
found, especially for small AT. This indicates that the approximation captures the essential
part of the NESSs. It is also worth mentioning that this method generates reasonable results
for very large V,. Furthermore, it is likely that the approximation could be improved: from
further expansions in terms of higher-order polynomials of ¢;, c;' and substitution of their values
at equilibrium for the higher-order unknown GFs in higher-order equations of the hierarchy.
Stopping the expansion of operators m at linear order of Vj, is compatible with solving only the
first equation of the hierarchy. If further equations of the hierarchy are used, then one should
also expand operators m in further orders of Vj.

In order to estimate the accuracy of the first-order form of this approximation, and also
to get an overview of the accuracy of possibly the next order, let us study the leading order
of residues in terms of A and %, which are assumed to be small in the following. Hence

A2V, <« Vi; therefore we know that g, is relatively smaller than the other g, term, so we drop

New Journal of Physics 12 (2010) 083042 (http://www.njp.org/)
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Figure 1. gf T compared with gt for interacting systems at non-equilibrium.
(@) V=0.2, d®Mis compared with the reference d*-© for different values of
AT. With larger AT, d'V becomes larger but is still much smaller than d%©.
(b) AT =0.4T'; accuracy was checked for different values of V;. In the worst
cases shown in the plot, dV is about 0.3%, where V,, = 2t is a relatively large
strength of interaction. Electrical currents JZ-©, JE-( are compared against J &
in (c) and (d). We see that JZ© is zero while JZU is close to JE* for
even relatively large V;. In all these example calculations, t = 1.0, A = 0.1 and
uw=—1.0.

it. This in fact requires A2V, <« T, which we assume to be true. Similarly, for the same reason,
since A>AT <« AT, we drop the A>AT term in A%v in equation (18),

Ao =A% (T) + A2 ATv 7, (20)

New Journal of Physics 12 (2010) 083042 (http://www.njp.org/)
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and keep only the major term, A%v(T'), which is independent of AT . Here, v 7 denotes formally
a derivative of T on v. The general idea is then to write down, respectively, equations for gt
and gf "D "and then compare the two equations to estimate Af’(l) = gf W g™, In order to get
some information about how such an approximation at the next order improves the accuracy, we
also want to compare AL to AT = %@ _ oBx wwhich is estimated in the same way from

the difference between the equations, respectively, for gt and gf O See appendix C for further
details of those equations and the estimation. Here we summarize the results that

AT O = AT@) ' TP g™ +iVo(Tg) ' Ay 1)
and

AP = @) =VE@E )T AT D + VAT (TP T T P g5 +iVoa (D) ' AT Ol

(22)
Here, AL = gEO) _ oBx qnd AE() = gE.(D _ oEx We refer the readers to appendix C for
definitions of all I matrices. Most importantly, here we see that Af’(m is multiplied by a small

number A%V, and then becomes a part of Af’(l). Furthermore, this relation holds generally for
higher-order forms of this approximation. Judging from this term, as long as A%V} is a small
number compared with ¢, the method under consideration is very reasonable. As for the other
two additional terms, they can be regarded as (Vig5* + Vogt*) AT. Therefore, the limit of *
where this method is still applicable goes as [g5*|~! or |g5*| 7/, which could be much larger
than 1 since roughly |gF*| = |g®*|"—smaller for larger n. This explains why, as we see from
figure 1, this method is applicable even for V|, larger than . We have also tested several systems
with larger N (up to N = 8) and no qualitative difference in accuracy has been found. More
details and a more systematic analysis will be presented elsewhere.

3.2. Method 2: non-equilibrium cluster expansion

Another way to make equation (9) a closed equation is to use cluster expansion. In the case of
equilibrium GFs, it proposes, for example, at the level of two-particle GFs,

Goy(m",n',m'\n)y=—=Gm",m"G,(n",n)+G,(m", )G, (n", m" )+ &, (m", n*, m', n),
(23a)
and then sets
6, =0. (24)

It can be applied to higher-order GFs, for example, by a similar expansion on G3 and setting
B3 = 0. The fact that the equilibrium Wick’s theorem shows that indeed &, =0 when V, =0
makes this expansion plausible for equilibrium GFs. Here, in the case of NEGFs, we are
going to propose the same expansion, and this requires a non-equilibrium Wick’s theorem
to be true so that &, =0 when V, =0 holds for NEGFs. Fortunately, this can be proved
(see appendix B for complete details). Setting &, =0 with V; #0 is similar to using the
Hartree—Fock approximation, so that, depending on the system and the physical problem under
investigation, one may quite often need to go beyond that to the next level of approximation,
i.e. keeping &, but ignoring &3, and truncating the equation hierarchy at the second equation
instead of the first equation. In this work, we will use the first-level approximation, i.e.
ignoring &,.
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However, with operators D defined in the previous section, cluster expansion cannot be
applied; instead we have to expand operators 7 in higher-order polynomials of {c;, ¢, }. This
can be done as follows. Other than the exact direct diagonalization, operators m can also be
found perturbatively analytically (see appendix A for full details). The basic idea is to start by
assuming

(1) = V(1) + VoV (1) + O (VD), (25)

and then to derive and solve the equations of motion of ¢\, c\" from Heisenberg’s equation. In
this way, one avoids the direct diagonalization of Hg so that it simplifies the calculation, but its
accuracy depends on the order of V; at which the expansion stops. Stopping at the linear order
of V is compatible with the cluster expansion at G,. If cluster expansion at higher-order GFs is
applied, then operators 7 should also be expanded in higher orders of Vj,. Keeping only the first
order, operators m become

~ 2

o= DamCn+Vo D DamimumsC CpyCmy + O(V5), (26a)
m mymyms

2 = ¥ 2

my = Z i)a;mcjn -V Z z)ot;mlmzmgC,-:”szcml + O(V() )7 (26b)
m mimams

where definitions of ©,.,, and D .y, m,m, are given in appendix A.
With the first-order cluster expansion and the above expansion of operators /m plugged into
equation (9), we have

O0=utGy(m—1;n)+itGy(m+1;n)—itGy(m;n+1) —itG(m;n—1)
+)¥2 Z[ana(ga;l +©Z;1)G1(m; l) + 8mo¢(©a;l +®2;1)Gl(l; n)] (2761)
Lo

+)"2V0 Z (:Da;nmzml - i)a;mlmzn)Gl(mla m2)8ma

o,my,my

+)"2V0 Z (Qa;mmzml - Qa;mlmzm)Gl(mZ’ ml)5na (27b)
o,my,my

_)"2 Z(Smaéa;n + (Sna@:;m) (276)

+)\2V0 Z(ga;mlmmSma + ga;mlmlm&lo{) (27d)

—iVoGi(m;n—1)Gi(n—1;n)+iVoG (m; n)Gi(n —1;n—1)
—iVoGi(m+1;m+1)G (m; n) +iVyG (m+1; n)G(m; m+1)
—iVoGi(n+1;n)Gi(m;n+1)+iVoGi(n+1; n+1)G1(m; n)
—iVoGi(m;n)Gi(m—1;m— 1) +iVyG(m;m — 1)G(m — 1; n). (27e)

Next we define a vector glc’(l), where superscript C means cluster expansion and (1) symbolizes
keeping only the first equation in the hierarchy, similarly to gf ‘D For simplicity of expressions,
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let us order equation (27¢) in the same way and denote it as gc e l'[(glc ‘D) where T refers

to the nonlinear function—summation of product—of gC W in equation (27¢). Then the above

equation can be denoted as
(T + 22V g = 12vg + A7 Vovy +iVogy (28)

where the five terms are, respectively, the five subequations in equation (27); for example,

VO)mven = Y BnaDain +81aD). (29)
This equation can be solved iteratively,
g"! = (g +2VoIp) T (WPuo + 2 Vou +iVoTT (gD, g = (Tg) "3, (30)
where we start from g(o) = glc ‘©which is the exact solution of equation (28) when V, =0.
Through the iteration defined above we get the solution gc D = 1im,_ o gi") , which in practice
stops at large enough n such that g(") g{" Y is small enough.

3.2.1. Results. Ina similar manner, we define A (@€ ©) as the absolute (relative) distance
between g~ ¥ and g, and ATV (@S D) as the absolute (relative) distance between g- "
and gt*. Firstly, we set V, = 0.2 as a constant, and check the accuracy of gc " with different
values of AT. From figure 2(a) we can see that the worst case is around d"’ = 1%. Secondly,
we set AT = 0.4T as a constant, and check the accuracy of gC ‘D with different values of V.
The worst case is around dV = 2%, as shown in figure 2(b). Overall, (" is always much
smaller than d©. From figure 2(c), we see that for a small V,, J© already provides a
major contribution. However, in figure 2(d) when V| becomes larger, the difference between
JEW and J¢© becomes more important. We should also note that for larger V,, J&1) starts
to deviate from JE*. This indicates that the approximation captures the essential part of the
interaction, but it is more accurate for small Vj,. Furthermore, it is likely that the approximation
could be improved: by keeping &, but ignoring correlations in higher-order GFs and calculating
perturbatively further terms in V; in operators 7.

In order to estimate the accuracy of this approximation, let us assume that A> and V, are
small. Define similarly ASG© = g€ _ gBx qnd AC(D = oC.() _ oBx Agqin, we start from the
equations of the three, gC © , glc ‘M and g%, and then compare the three equations while ignoring
certain higher-order terms, such as terms that are proportional to A2 V. See appendix C for more
details of those equations and the estimation. We arrive at

and
Alc (1) (F(l)) [IV (F(Z)) 1 Ex +)\‘2V0(F(2)) AC (0)] V02|8FX|3 +)\‘2V02|g{-lx 2. (32)

This agrees with the numerical tests that AC O g proportional to V;, while AIC’(I) is proportional

to V7. We refer the readers to appendix C for definitions of all I' matrices. Most importantly,
we see again that AC( ' is multiplied by a small number A%V, and then becomes a part of
A The other term, Vg ~ V2|g®*|?, since roughly |gE*| = |g™|", is also much smaller
than AIC’(O) ~ Volgt*|>. However, for large enough Vj, the other approximation used in this
method, the perturbation expansion of operators /7, will be invalid. Therefore, as long as Vj is a

New Journal of Physics 12 (2010) 083042 (http://www.njp.org/)


http://www.njp.org/

13 I0P Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT
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Figure 2. glc’(l) is compared with g™ for non-equilibrium interacting systems.
(a) V =0.2, accuracy was checked with different values of AT. (b) AT =0.4T,
accuracy was checked with different values of V;. In both cases, d©(V is always
much smaller than d©©. J¢© and J&O are compared against JE* in (c)
and (d). From (c) we see that for a given value of Vj, as long as V, is not too
large, J&© already provides a major contribution. From (d) we find that for
a relatively larger V,, the difference between J<(V and J<© becomes more
important. At the same time, the difference between J<(V and JE* also becomes
larger for larger Vj.

small number compared with ¢, the method under consideration is very reasonable. It should be
noted that this method is capable of dealing with large systems since it does not involve a direct
diagonalization of a 2V-dimension matrix.
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4. Conclusion and discussion

To conclude, a BBGKY-like equation hierarchy is derived from the Redfield equation and two
systematic approximations are suggested to solve the hierarchy. Using the first-order form of the
two methods, NESSs of interacting systems are calculated. It is found that they are consistent
with results made available by other direct methods. We also estimate the accuracy of the two
approximations. The difference between the two is also discussed, showing that the first method
is applicable for large V,, whereas the second method is more efficient, so it can be applied to
larger systems. We have not tested the performance of further orders of both methods, although
it seems quite straightforward. Our method can also be applied to the local-operator Lindblad
equation [15, 20]. Also, it may be worth pursuing a comparison between results from the
Lindblad equation and from the Redfield equation. Besides their applicability to NESSs, these
methods may also be valuable for perturbation theory on equilibrium states. There, using the
second method, the equilibrium interacting glc’(l) can be calculated starting from the equilibrium
non-interacting glc’(o) by setting 7 = Tz and pup = pur. The computational cost, being a
sequence of linear systems with dimension N2, is obviously cheaper than direct diagonalization.
It will be interesting to see a further comparison of accuracy and efficiency between these
methods and other perturbative methods on equilibrium states. The non-equilibrium equal-time
GFs calculated by the proposed methods are also objects of the NEGF method. Investigating
the relation between these methods and the NEGF method may also be interesting.
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Appendix A. Perturbation decomposition of m

From its definition in equation (7), in the representation of eigenvalues {E,,} and eigenstates
{Im)} of Hs, operator m can be written as

a)mn = (Clun 3 IVEP / dr (B En=oa) (1~ (a))
& 0

= (Ca)mnﬂ/ dwD*(@)|V (@)} (1 = 14 (©))8(Rnn — @)
= (Ca)yn WD (Ey = En) |V (Ey — En) (1 = no(E, — En)), (A.1)

where we have used fooo dr e'*" = 78(w) +iP(i) and neglected the principal value part. We
have also assumed that it is possible to perform a change of variable on V" such that it becomes
V*(kym), where k,,, is defined by wy,, o = 2, 1.€. a bath mode resonant with this transition.
This limits the possible forms of V;* and wy . For example, for a given energy €2,,,, there should
be a unique value of V¥ . In this work, we take V,* as a constant so this condition is satisfied.
D, (w) is the bath’s density of states. We arrived at

My =T Z m) (nl (mcqln) (1= ng(Qun) Do (Qun) IV 1%, (A.2a)

m,n
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—JTZIm (nl(m|c]n)na(Qmn) Do (Qu) IV 1, (A.2D)

I}l n

where @, = E,, — E, = —Q,,,. We furthermore set V| D,(w) as a constant and absorb it
into A2. This procedure involves a direct diagonalization of the isolated system Hs. One can
avoid this by finding such operators m perturbatively.

Next, assuming Vj is small, we want to express operator 71, in terms of {c,,} and V. When
Vo =0, the system is a tight-binding open chain, the following basis transformation

1 XN: . ki (A3)
— sin C .
VN —~ N+l
diagonalizes Hy,
Hy = Z EkCZCk, (A4)
where
= -2t A5
€k cos Vel (A.5)
Therefore, ¢, (f) is a linear function of all ¢,,,
2 wkl Tkm _.
(0) _ : : —iet
C (t)_—N+IZsmN+1smN+1e Hem. (A.6)

km

Hence, i, is also a linear combination of all ¢,,s. One can imagine that for small Vj, m1; should
not be too far from a linear combination. Denote ¢;(t) when V, =0 as clo) (t). Starting from
treating this as the zeroth order to the full dynamical ¢;(¢), and expanding

(n)
oy =) Vi o), (A7)
n
we may derive a perturbative equation of cl(") (1),
e =it (e, + i) —id)" ", (A.8)
where the shorthand notation, for non-negative integers n, ny, n, and ns,
() (n1) t.(n2) (n3) (n1) t.(n2) (n3)
" Z (o e e+ e el ) (A.9)
ny,np,n3
2ini

Then the solution of the above equation can be written as

t
(1) = —i / dr
0

Here the initial condition that ¢ (0) =0 (Vn > 1) is used. Plugging this general solution into
equation (7), and after straightforward but tedious algebra, we arrive at the decomposition of
m,, and m,, in equation (26) with expansion coefficients defined as

! km
n sin S qientt=o) g =1 (1) (A.10)
N +1 N+1 "

. mwkl, . mwkm
Z sin sin [1—n(e, T, (A.11a)

ga'm:n
' N+1 N+1

N+1
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= 2 . wkl, . mwkm
Duom =7 > sin g S T, (A.11b)

Demimoms =T Z <2 )4”(Ta»€(k))—n(Ta,e(k1)+e(k3)—e(k2))

i N+1 €(ky) +€(k3) —e(ky) —e(k)

. kT[la . klﬂ'ml . kzﬂ'mz . k37TWLg . kmm . klnm
X Sin sin sSin Sin sSin Sin
N+1 N+1 N +1 N +1 N+1 N+1

Ckar(m+1) | ksm(m+1) . kym(m—1) | ksw(m—1)
x | sin sin + sin sin .
N+1 N+1 N+1 N+1

(A.llc)

Appendix B. Proof of non-equilibrium Wick’s theorem

In this section, we will prove that when Vy =0,
Gok, k), ks, ky) = G (K], ka) G (K, k3) — G (K], k3)G 1 (K}, ks). (B.1)

Here, working in the momentum representation, defined in equations (A.3)—(A.5), is more
convenient than the position representation. Startlng from equation (8) with Hy in momentum
space defined in equation (A.4) and using A = ¢; ¢, and A = c,l c,:zck3 ck,» we have the equations

of, respectively, G 1(kT, k,) and Gz(kT, k2, ks, ky) as follows,

0=1(e, — ekl)Gl(kz, ky) — Azm ; sin Nl sin Nl (n(kl) +n(k,y))

2 koml, . kml, . kywly, . kml,
+22 il Z sin 2 sin id Gl(kT,k)+sm 7 sin 7 G (k", ky)
N+1 — N+1 N+1 N+1 N+1

(B.2a)

0 =i(er, + €, — €x, — €0,)Go (ki kS, k3, ky)

2 kiwl, . kml,
+12 nIZsin 17:_ smNﬂ_'_le(kT,k;k&kA,)

21 kol ki
2 . o .
+A Nal agk smN+1 sin n 1Gz(kl,k k3, kg)

2 ksmly . knly
23 i 2 in “Galk]. k). k. o)

N+1 — N+1 N+
2T . kTL’l . knla
+A2m231 ]\j+1 sin N+1G2(kf,k§,k3,k)
o,k

! In a general non-equilibrium state, one may have (Cy,Cy,) # 0. In that case, the above Wick’s theorem should
have a more general form and thus the cluster expansion will also have a more general form. In this work, our
choice of coupling makes such GFs be equal to zero.
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21  koml, . kgml,
+x2m Xa:sm ]GH sin A‘[‘HGI(U, k) (n(ky) + 1 (ks))

32 2 Z . koml, . kaml,

Vil SmN+l smN+lGl(kT,k4)(n(k2)+n(k3))

, 2m kil . kaml,

A — sin sin
N+1 - N+1 N+1

G (K}, k3)(n(ky) +n(ks))

2 kiwl, . ksml,
02 ZSi P Sin Gy (k] ke) (n(Ky) + 1 (K3)). (B.2b)

N+1 nN+1 N+1

The combination of the two is a closed linear equation and has a unique solution. Therefore,
we only need to find one solution. We first apply equations (B.1) to (B.2b) to expand G,
into products of G;. It is then easy to prove that the resulting equation is equivalent to
equation (B.2a), meaning that a solution of equation (B.2a) is also a solution of equation (B.2b).
For example, if we collect terms with G, (kT, k4) together, we will have

KTl o KTl ey i)
N+lsmN+1n ERE

l, . kml,
Tl in = lGl(kT’kS)i“’

. 2
Gk}, ky) {i(e(/@ —e(k))G (k] , k3) —AZN—fl Zajsm

_,_)\22_” Z si kst sin kil G (k], k) +sin ki
1 N+1 N +

N+lak nN+1 N+
(B.3)

where the term in curly brackets is zero according to equation (B.2a). Therefore, solutions from
equation (B.2a) also satisfy equation (B.2b), as long as equation (B.1), the non-equilibrium
Wick’s theorem, holds. Because of the uniqueness, the above solution is the only solution and
thus equation (B.1) has to be satisfied.

Appendix C. Estimation of convergence

In this section, we present our estimation of the leading order of G, such as Af’(l) and Alc’(l).
We will see that A" in fact involves AY”, which in turn needs the equation of G,, the
second equation of the hierarchy, derived using A = ¢/ c¢/c,yc,. A similar equation is needed

for estimation of A,

C.1. On A from method 1

After dropping the g, term and the term that is proportional to A>AT, and keeping only up to

the linear order of AT, g, gf © and glE e respectively satisfy

(T + TP AT) g = iVogh™ +A%vp, (C.la)
TOgB® =iy gF© 432y, (C.1b)
(5" + TP AT) gV = iVogy ¥ + 12w, (€1
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where I'{"" + T/ AT is the zeroth and first order in AT from I'V of equation (18). I'};) denotes

formally a derivative of 7 on I'™. To consider A™”, one may use equation (C.la) and
equation (C.1b),

AV = AT ' T g +ivo(rg) ' AT, (C.2)
Af’(l) can be estimated from equation (C.1a) and (C.1c¢),

APV =ivy(rg” + TP AT AT, (C3)
where AE O g required. We find that, roughly speaking, A (1) takes the second term of AE O

but drops the first term. Therefore, next we only need to show that the second, 1V0(F(()1)) IAZE (O),
is much smaller than the ﬁrst or equivalently, smaller than the whole AE O

Estimation of A2 ) involves the second equation of the hierarchy, i.e. the equation of
G,, which can be derived from substituting equation (12), the expression of operators 7, into
equation (10),

0=1ir <cjncn7cm/c,,/+1> +it (cjnc;cm/cn/_l) + it (c;chm/Hc,,/) + it (cjnchmf_lcn/>
—it(c! ¢l t{chch t t '
it (¢l el cpen)—it(che! cmen)—it{c] clepen)—i erlc Con/ Cp

+22 E <8n o1 C) Cl e + 8adyic) chercy +5mda;lcjnc;cm/c,,/+8maa’a;lc;clcm/cn/>

et
+AZZ<8md 1Cm c,cm/cn/+5mad 1€ cTcmrcnr+8n/ada.lc cTcm/cl+8madalc cTclcn>

m-n
[,
+V, T Co) (St +8 — —$ (C.4a)
0 CanCm Cp m’+1,n m'—1,n' m+1,n m—1,n aa
. PSS : ToT AT C.4b
1Vy €] € CpCICm Cr ) +1V C; €, CClCm Cy (C.4b)
I=m=+1,n+1 I=m'£1,n'+1

—A? Z[(Snacfmml (cfncn/) + 5,,10,020,;”, (cflcm/> + 3,,,,0,(?;" (CLC,,/) + 8,1/0,5?2;," (clcm/)]

o

+AZZ[ana&a.n, (¢} )+ 8malasm (Chew) + 8uwady.,, (Ch o)+ Suad,., (chew)] (C.40)
A Z mac c cn/D —8nac c cm/D +5mac CoCw Dy (Snac;cm/cn/D_o,)

2 AT o+t NPEEE § -t
AV Z <8n/a Dac,Lc,Lcm/ — Sl Dac;cncn/ + 8,4 Do’lcfncm/cn/ — S ch,Lcm/cn/> , (C.4d)

which will be denoted in the following compactly as
IPgl =iVogy* +A%g* +A*Voghs, (C.5)
where the vector gi* is defined similarly to g™ as follows,

=[G,(17,17,1,1), G2 (17,17, 1,2), ..., Go(N", N", N, N)]". (C.6)
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Note that some of the elements of g5* are naturally zero, but we still include them in this vector.
2-*, g and gE% come from ordering, respectively, equation (C.4b), (C.4c) and (C.4d) in the
same way as gzX The matrix I'® can be read off from equation (C.4a). For example, assuming
that m, n, m’ and n’ are all different and not equal to 1 or N, for simplicity, we have

F(Z)

mN3+nN2+m'N+n' ,mN3+nN2+m’' N+n'+1

=ir. (C.7)

Since A*Vy < Vy, we drop the last gh5 term in the following estimation of the accuracy.
Therefore, the exact solution and the equlhbrlum solution satisty, respectively,

(Tg” + T AT) g5 = iVogs™ +1%g1, (C.8a)
F(()Z)ng ,(0) —iV gE ,(0) +)\‘2gE (0) (C8b)

where I';” and ' AT stand for the zeroth and first order in AT in I'®. Now A5 can be
analyzed,

AEO _ iy @) AE© +(F((f))‘ll“f?ATgE"+(F(§2))‘1/\2Af’(°). (C.9)

Here in fact 'V and I'® have different dimensions. However, in this estimation of the order of
magnitudes, we ignore this difference and, furthermore, the matrices are regarded as constants
with order 1. For the moment, let us focus on the last term of Af ' Recall that we want to

compare iVo(F(()l))_lAf O against Af’(o). Focusing only on the last term, we have

VoA @~ iva? AP @, (C.10)

which is much smaller than Af’(o) as long as VyA? < 1. The effect of the other two terms has
been discussed in the main text in section 3.1.1.

C2. On AIC’(l)from method 2

In this case, after dropping the F(Dl) term and terms that are proportional to A2V, gi*, glc,o and

glc () respectively, satisfy the following equations,

F(()])gl = iVog™ + 120, (C.11a)
F(()”gf O _ 32y, (C.11b)
F(()l)glc M _ sy gc D 422y, (C.11¢)

From equation (C.11b) and (C.11a), one may find
AT = —ivp(g) g (C.12)

Comparing equation (C.11¢) and equation (C.11a), one obtains

ASD =iy ()1 (gS D — gEx). (C.13)
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C,(1) C,(1)

Note that the magnitude of A"’ = (g,""’ — g5*) is in fact smaller than the magnitude of
AC © (gC O _ g5%), which 1nvolves the second equation of the hierarchy, i.e. the equation
of G,. So we may analyze the latter to get an upper bound of the former. In this case, one
needs to substitute equation (26) into equation (10). The resulting equation will have the same
structure as equation (C.4) but every d,.; and c?a; 1 1s replaced, respectively, by ®,,.,, and D,
and a similar substitution on D, and D,. Ignoring terms that are proportional to A2V}, g>* and

g2C O are, respectively, the solutions of

I =iVogl + 2%, (C-14a)
F(()Z)gzc .(0) kzglc,<0)_ (C.14b)

Comparing these two equations, we find that
AT = —iVo(C ) g = A2 AT, (C.15)
Focusing only on the last term, we have

iVoAS D~ —iVpa2AS O, (C.16)
which is much smaller than AC "© a5 long as Vya2 <« 1. The effect of the first term has been
discussed in the main text in section 3.2.1.
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